Multi-layered laminated glass panels are those with at least three monolithic glass layers and two viscoelastic interlayers. Multi-layered laminated glass panels are commonly used in floors, roofs and other horizontal glazing accessible to the public where a high level of security is required. Although the glass can be consider as a linearelastic material, the viscoelastic interlayers determine a non-linear behavior of the laminated structure that must be taken into consideration. In this paper, a dynamic effective thickness is proposed to predict the natural frequencies and damping ratios of multi-layered laminated glass beam-like structures with different boundary conditions and at different temperatures. Furthermore, the presented dynamic effective thickness can be also used to any frequency domain calculations such as displacements and stresses. To validate the proposed model, operational modal analysis was carried out on a multi-layered laminated glass beam to obtain the experimental natural frequencies and damping ratios at 20, 25, 30 and 35 C. Moreover, a finite element model of the beam was also assembly for the sake of comparison. The proposed model predicts the natural frequencies with errors less than 5%, whereas the discrepancies in damping ratios are less than 50%.
Introduction
Laminated glass beams are sandwich elements which show a viscoelastic behavior [1] [2] [3] [4] . A typical laminated glass panel consists of two outer monolithic glass layers and one interlayer of a polymer ( Figure 1 ) such as polyvinyl butyral (PVB). The polymer interlayers work in a wide range of temperatures due to the seasonally changing weather conditions.
Multi-layered laminated glass panels ( Figure 1 ) are those with at least three monolithic glass layers and two viscoelastic interlayers [5, 6] . Multi-layered laminated glass panels can be used for many different applications due to their added thickness and strength as well as the high damping exhibited by these elements and they are also subject to different types of loading (permanent, variable, impact, etc.). The glass may be annealed, heat or chemically strengthened or fully tempered [7, 8] .
Multi-layered laminated glass panels are commonly used in accessible glazing, i.e. floors, roofs and other horizontal glazing accessible to the public or, at least, for cleaning and maintenance [8] . In these applications, resistance against impact caused by a hard or soft body, the post-breakage behavior as well as the slip resistance must be examined. [8] . Multi-layered laminated glass panels are mandatory in some codes and standards. According to DIN 18008-5 [9] , glass floor panels must consist of at least three glass layers with PVB interlayers and the uppermost glass layer must be neglected for structural analysis. With respect to code Ö NORM B3716 [10] , the load carrying layer must be of laminated glass with and additional abrasion layer and thermally toughened glass is only allowed in combination with float or strengthened glass and the minimal thickness of the PVB layers is 0.76 mm [7] .
Glass walkways are another application of multi-layered laminated glass. The standard ASTM 2751-11 [11] (Practice for the Design and Performance of Supported Glass Walkways) contains calculation and testing methods applicable to the design of glass walkways constructed with laminated glass including interior and exterior walking surfaces, constructed and intended for pedestrian use (floors, ramps, sidewalks, and stair treads). The Grand Canyon glass walkway was built with a 40-mm-thick quadruple laminate consisting of heat strengthened glass and one fully tempered glass (lower supported ply). The additional upper 8-mm tempered ply was ignored in the analysis and provides additional safety and redundancy [6] . Glass mechanical behavior is usually modeled as linear-elastic, whereas the PVB shows linear-viscoelastic behavior. A fundamental characteristic of viscoelastic materials is that the mechanical properties are frequency (or time) and temperature dependent [12] [13] [14] [15] . The mechanical behavior of laminated glass is not elastic and the sections do not behave according to the Euler-Bernoulli Beam theory assumptions (plane sections remain plane) due to the shear effect of the interlayers [1, 2] .
Some analytical models proposed for laminated glass elements [16] simplify the calculation considering the polymeric interlayer as a linear elastic material, where the shear modulus is chosen according to the temperature and load duration, i.e. neglecting the ''memory effect'' of viscoelasticity. Galuppi and Royer-Carfagni [1] concluded that a full viscoelastic analysis is only recommended when one is interested in a precise design of a laminated glass structures. Calderone et al. [3] and Bennison et al. [4] proposed the concept of effective thickness for simplifying calculations of laminated glass elements under static loading, based on a previous work developed by Wo¨lfel [17] . The method consists of calculating the thickness of a monolithic beam with equivalent bending properties to a laminated beam. The effective thickness can then be used in analytical equations and simplified finite element models in place of the actual thickness of the laminated glass beam [1] [2] [3] [4] 18, 19] . This methodology has also been extended to the two-dimensional case (laminated plates) under various loads and boundary conditions [20] and to the case of multi-layered laminated glass beams [5] .
With regard to the dynamic behavior, Kerwin [21] and Ross et al. [22] were the first to study the flexural vibration of a sandwich configuration, and they proposed an effective complex flexural stiffness which can be used to determine the modal parameters of a sandwich beam using the equations and the wavenumbers corresponding to an Euler-Bernoulli beam. They assumed that the wave motion in a constrained layer configuration can be described by a fourth-order differential equation. Ditaranto and McGraw [23] and Ditaranto [24] and Mead and Markus [25, 26] demonstrated that the flexural motion of a sandwich beam is governed by a sixth-order linear homogeneous differential equation.
Aenlle and Pelayo [18] proposed a dynamic effective thickness for calculating modal parameters in laminated glass beams using simple monolithic elastic models. This method was extended by the same authors to laminated glass plates in Lo´pez-Aenlle and Pelayo [19] .
With respect to numerical simulations, many papers and books have been published about the modelling of sandwich and laminated elements [19, 20, [27] [28] [29] [30] [31] [32] subject to static and dynamic loadings. Galuppi and Royer Carfagni [20] proposed an analytical model to calculate the static response of laminated glass elements and the predictions are validated by numerical simulations. In Tiantang et al. [27] and Shuohui et al. [28] , the iso-geometric analysis, the level set and a simple-first order shear deformation theory are combined to simulate more effectively the free vibration of laminated composite plates. In literature [29] [30] [31] , meshfree methods are developed for free and forced vibration analysis of 2D elements. The basis functions for the CQ4 (4-node quadrilateral element) element are used to analyze the free and forced 2D vibrations of linear elastic and piezoelectric structures [32] .
In this paper, the effective thickness developed by Galuppi and Royer Carfagni [5] to calculate deflections in multi-layered laminated glass beams under static loadings is here extended to the frequency domain using the correspondence principle [13, 14, 33, 34] . Furthermore, a dynamic effective thickness is also derived solving the differential equation of flexural wave motion. In order to validate the model, the modal parameters of a multi-layered laminated glass beam consisting of three annealed glass layers and two PVB interlayers were estimated by operational modal analysis at different temperatures in the range [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] C. The experimental results are compared with the predictions provided by the proposed analytical model and with the results obtained with a finite element model assembled in ABAQUS [35] .
State of the art Static deflection effective thickness in laminated glass beams
Galuppi and Royer-Carfagni [2] derived an analytical expression for the deflection effective thickness of a laminated glass beam composed of two glass layers and one polymeric interlayer using a variational approach. In their work, the following assumptions were considered: the face plates are purely elastic, the core is linearly viscoelastic with shear modulus G t00A0 ðt, T Þ, the shear strains in the face plates are negligible, the longitudinal stresses in the core are negligible, there is no slipping between the elastic and viscoelastic layers at their interfaces and the three layers have the same transversal displacement wðx, t, T Þ. Moreover, the authors also assume that the deflection shape of the laminated glass beam coincides with that of a monolithic beam with the same loading and boundary conditions, i.e. the deflection of the beam is expressed as
where gðxÞ is a shape function that takes the form of the elastic deflection of a monolithic beam with constant cross section under the same loading and boundary conditions as the laminated glass beam and EI t, T ð Þ S2 is the bending stiffness of the laminated glass beam given by
where . subindex ''s'' indicates static . subindex ''2'' indicates beam with two glass layers and one interlayer
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. The parameter S2 ðt, TÞ is given by
. B is a constant parameter which depends on the boundary and loading conditions [2] and it is given by
Using the dimensionless standard geometric parameter Y B2
and the dimensionless shear parameter g 2 t, T ð Þ commonly used in sandwich beams [25, 26 and 36] which defines the shear coupling between the core and outer layers
Equation (2) can be expressed as
If the shear modulus is constant G t t, T ð Þ ¼ G t , the shear parameter is also constant and it is given by
If equation (8) is substituted in equation (7), the later becomes
which is also constant and it represents the stiffness of the sandwich beam when both the core and the glass layers show a linear-elastic behavior.
In the case of three glass layers of equal thickness H and two polymeric interlayers with thickness t, the static flexural stiffness can be derived from Galuppi and Royer-Carfagni [5] and is given as
where . subindex ''3'' indicates beam with 3 glass layers
. B is a constant parameter which takes the same values as those derived for the beam with 2 glass layers [2] .
If the case that the shear modulus is constant G t t, T ð Þ ¼ G t , the elastic shear parameter is given by
whereas the elastic flexural stiffness is expressed as
Dynamic effective thickness in sandwich glass beams
Mead and Markus (M&M) [25, 26] derived a sixth-order differential equation that governs the flexural wave motion of a three-layered constrained-layer damping beam when it vibrates freely at frequency ! . The differential equation is given by
where the roman numerals superscripts denote differentiation with respect to x, the superscript ''*'' indicates complex, the subscript ''d '' indicates dynamic, m 2 is the mass per unit length of the beam, i.e
and g
Equation ( 
where k Ã is a complex wavenumber
and Ã is a non-dimensional frequency defined by [25, 26] 
Equation (19) after rearrangement yields to
If the real part of k Ã is neglected, i.e.
From equation (22), the following equation for the effective complex flexural stiffness can be defined
which can be used to estimate modal parameters, displacements and stresses in laminated glass beams [19, 37] . In the case of a simply supported beam, the wavenumber is given by
With 'n' being the order of the mode and the stiffness given by equation (23) coincides with that derived by Kerwin [21] and Ross et al. [22] considering the beam simply supported and vibrating at a natural frequency, which means that the flexural deformation of the beam during vibration is spatially sinusoidal in shape. Later, the effective complex flexural stiffness was extended to other boundary conditions using the appropriate wavenumbers [12, 22] . From equations (7) and (23), it is inferred that the square of the wavenumber k
and the shear parameter g Ã d2 !, T ð Þ plays in dynamics the same role as the parameters B and g S2 t, T ð Þ, respectively, in statics. Moreover, the effective complex flexural stiffness EI Ã !, T ð Þ 2 can be easily derived from the elastic stiffness EI E2 (equation (9)) applying the correspondence principle. With respect to the shear parameter g Ã d2 !, T ð Þ, it can also be derived from the elastic shear parameter g E2 (equation (8)) applying the correspondence principle but with the special feature that the wavenumber k 2 I must be used instead of parameter B [38] .
Dynamic effective thickness of a symmetric three glass multi-layered beam
In this section, an expression for the effective complex flexural stiffness of a laminated glass beam composed of three glass layers of equal thickness and two polymeric interlayers is derived. This expression can be formulated solving the differential equation that governs the flexural wave motion of a multi-layered glass beam or alternatively applying the correspondence principle to the stiffness of a laminated glass beam with both the core and the glass layers showing a linearelastic behavior.
Dynamic effective thickness by the correspondence principle
The correspondence principle [13, 14, 33, 34] states that if a solution to a linear elasticity problem is known, the solution to the corresponding problem for a linearly viscoelastic material can be obtained by replacing each quantity which can depend on time by its Fourier Transform. In order that the elastic and viscoelastic solutions correspond, the interface between boundary regions under specified displacement and under specified stress must not change with time.
In order to apply the correspondence principle, an elasticity solution must be known [34] . Wherever an elastic constant appears, it is replaced with the corresponding complex dynamic viscoelastic function. Some examples of application are shown in Table 1 .
For a laminated glass beam with three glass layers of equal thickness H and two polymeric interlayers of equal thickness t, the effective complex flexural stiffness can be derived applying the correspondence principle to equation (13) , i.e.
With respect to parameter g Table 1 . Examples of application of the correspondence principle (superscript '*' indicates complex).
Constitutive equation Bending Natural frequencies
which can also be derived from equation (12) applying the correspondence principle.
The natural frequencies and damping ratios can be now obtained by
where
is the mass per unit length of the beam.
Dynamic effective thickness by solving the flexural wave motion differential equation
The effective complex flexural stiffness (equation (25)) can also be formulated from the equation of motion corresponding to the beam vibrating freely at frequency ! which is given by [39] EI T3 w VI x, t, T ð ÞÀg
from which
Neglecting the real part of the wavenumber, i.e. k Ã ¼ i Á k I , the following equation for the complex flexural effective stiffness corresponding to a symmetric laminated glass beams with three glass layers of equal thickness H and two polymeric interlayers of equal thickness t is inferred
which coincides with equation (25) derived applying the correspondence principle. Finally, expressions for the dynamic effective thickness and the dynamic effective Young modulus [18, 19, 37 and 38] can be derived from the complex flexural effective stiffness (equations (25) or (32)
is going to be used to calculate modal parameters, displacements or stresses in the frequency domain, a dynamic effective Young modulus (Young modulus of a monolithic beam which provides the same modal parameters as the laminated one) can be derived from
which leads to
On the other hand, a dynamic effective thickness can be formulated from
which results in
Any of the three dynamic effective parameters proposed: complex flexural stiffness, thickness and Young modulus, can be used for predicting the dynamic response of a multi-layered beam as well as to calculate other variables in the frequency domain such as displacements or stresses.
Numerical and experimental validation
In this paper, the modal parameters of a multi-layered glass beam composed of three annealed glass layers and two polymeric interlayers made of polyvinyl butyral (PVB) were predicted with equation (27) using the dynamic effective thickness given by equation (25) . The analytical predictions were validated with experimental tests and numerical simulations. The multi-layered beam used in this work presents the following geometrical data (see Figure 1 ):
The material properties presented in Table 2 were considered for the glass and PVB layers. With respect to PVB, its mechanical properties were obtained in a previous work [18] by a viscoelastic characterization carried out in a DMA RSA3 (T.A. Instruments). The Prony series for the shear relaxation modulus G t t, T ð Þ is given by
where the parameters g i and i are shown in Table 3 . Moreover, the effect of temperature was considered using the Williamet al. [40] (WLF) model, where the time temperature supersposition (TTS) shift factor, a T , is given by
The coefficients C 1 and C 2 are shown in Table 2 . Once the shift factor a T is determined for a specific temperature T, the shear relaxation modulus for this temperature G t ðt, TÞ can be obtained from the relation
where Gðt, T 0 Þ is known as the master curve of the viscoelastic material at reference temperature T 0 .
Analytical predictions
The natural frequencies and the damping ratios for the first four modes of the beam in the temperature range 10 C to 40 C were predicted using equation (27) and the dynamic complex effective stiffness given by equation (25) . The wavenumbers needed in equation (27) were considered equal to those of a monolithic beam with the same boundary conditions. The analytical predictions for the simply supported and free-free boundary conditions are presented in Tables 4 and 5 , respectively. It can be observed that the natural frequencies decrease with increasing temperature. This tendency is expected because the shear modulus of the PVB also decreases with increasing temperature. With respect to damping, it increases with increasing temperature. In this paper, it has been considered that the loss factor and the modal damping are related by Ewins [41] and Maia et al. [42] ffi 2 ð41Þ
Numerical simulations
A 3D finite element model was assembled in ABAQUS using the same geometrical data and material properties (see Tables 2 and 3 ) as those considered in the analytical predictions. 3D linear shell continuum elements (SC8R) were used for the glass layers [35] , whereas the PVB layers were meshed with 3D linear hexahedral elements (C3D8R). This meshing technique has been demonstrated to be adequate to reproduce the laminated glass behavior with a relatively low computational time [43] . A detail of the mesh is shown in Figure 2 . The numerical frequency response function (FRF) was obtained from a sweep sine analysis (linear frequency analysis) [35] subjecting the specimen to a uniform loading with a magnitude of 1 N for all the frequency range considered in the simulations. Both free-free and simply supported boundary conditions were simulated. Then, the natural frequencies were estimated by the peak picking method [41, 42] (Figure 3 ), whereas the damping ratios were obtained by the logarithmic decrement technique [41, 42] (Figure 3 ). The numerical natural frequencies and damping ratios are presented in Tables 4 and 5 , respectively.
Experimental results
The modal parameters of the beam were also experimentally determined by operational modal analysis. The responses of the beam were measured using 7 accelerometers with a sensitivity of 100 mV/g, uniformly distributed ( Figure 4 ) and recorded with a 16 channels TEAC LX-120 data acquisition system. The arrows in Figure 4 show the location and the direction of the sensors. The beam was excited by applying small hits randomly along its length with an impact hammer, and the responses were recorded for approximately 4 min using a sampling frequency of 1000 Hz. The modal tests were performed in a chamber-oven at 20, 25, 30 and 35 C, respectively. C for the free-free boundary conditions. As temperature increases, the peaks become less clear for the higher modes and only the modal parameters of first mode were accurately identified over 35 C. Modal parameters were estimated using both frequency domain decomposition (EFDD) [44] and stochastic subspace iteration method (SSI) [45] . The experimental natural frequencies and damping ratios estimated with the EFDD technique are shown in Tables 4 and 5 , respectively. The SSI technique provides similar results and they are not presented in the paper.
Discussion of the results
The mechanical properties of PVB undergo a radical change at a point that is referred as the glass transition temperature [15] . Below this temperature, PVB presents a solid elastic-like behaviour (stiffer) and the mechanical behaviour of the laminated glass beam is close to that of a monolithic one, i.e. the beam exhibits high stiffness and low damping. At temperatures about the glass transition temperature, PVB stiffness decreases with increasing temperature [15] and a laminated glass beam exhibits lower stiffness and higher damping.
The mechanical properties of PVB vary with the percentage of plasticizer used in the manufacturing [46] Pure PVB has a transition temperature of 70 C but this temperature decreases with increasing percentage of plasticizer (percentage which depends on the manufacturer). This aforementioned behaviour can be observed from approximately constant and the predicted damping is low. Over the transition temperature, the natural frequencies decrease with temperature and the damping increases. It can also be observed in the figures that the numerical and the experimental natural frequencies and damping ratios follow the same tendency as those predicted with the analytical model.
It can be observed in Tables 4 and 5 that the discrepancies between the analytical and the numerical natural frequencies are consistently less than 2% for both simply supported and free-free boundary conditions in all the temperature range considered in the investigation.
The discrepancies between the experimental natural frequencies and those predicted with the analytical and the numerical models are less than 5% (see tables 4 and 5), which confirm that equation (27) predicts a good accuracy with the natural frequencies of a multi-layered glass beam.
It can also be inferred from Tables 4 to 5 that the experimental natural frequencies are always slightly lower than those predicted with the RKU model (equation (27) ) for the free-free boundary conditions. This is in agreement with previous results obtained by the authors [18] in free-free beams composed of two layers and one PVB interlayer. On the other hand, the experimental natural frequencies of the simply-supported beam are slightly higher than the analytical ones predicted with the RKU model. With respect to the damping ratios, it is known from statistical theory that the uncertainty bounds of damping ratios are much higher than those of the natural frequencies [40] [41] [42] . The discrepancies between the damping ratios provided by the analytical and the numerical models are less than 40% for both boundary conditions (see Tables 4 and 5 ). In the simply supported boundary condition, the numerical damping ratios are consistently higher than those provided by the analytical model, whereas they are always less than the analytical ones in the free-free boundary condition.
With regard to the experimental damping ratios, the maximum discrepancies between the numerical and the analytical damping ratios are less than 50% (see tables 4 and 5). Again, the experimental damping ratios of the simplysupported beam are higher than the analytical ones, whereas they (the experimental ones) are lower in the free-free configuration. These results are in agreement (similar level of error) with those obtained by the authors [18, 19] in free-free beams composed of two layers and one PVB interlayer.
Conclusions
In recent years, the effective thickness concept has become a simple and useful technique to estimate stresses, displacements and modal parameters in laminated glass beams and plates. In this paper, expressions for the dynamic effective thickness and the dynamic effective Young modulus corresponding to a multi-layered glass beam have been derived from the static effective thickness developed by Galuppi and Royer-Carfagni [5] using the correspondence principle [13, 14, 39, 40] .
These expressions can be used to determine modal parameters in multilayered laminated glass beams. The predicted modal parameters can be utilized in preliminary calculations, validation of numerical simulations and of experimental results as well as to calculate displacements and stresses [37] . The equations are easy to use and easy to implement in computer programs.
The analytical expressions proposed in this paper have been used to predict the modal parameters of a multi-layered glass beam composed of three glass layers and two polymeric interlayers. In order to validate the analytical predictions, operational experimental modal tests were carried out on the beam simply supported and with free-free configuration in the temperature range [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] C. Moreover, a finite element model was assembled in ABAQUS [35] using 3D quadratic shell continuum elements for the glass layers and 3D quadratic solid hexahedral elements for the PVB layers.
Below the PVB transition temperature, the beam exhibits a constant high stiffness and low damping and over this temperature, the damping increases significantly and the natural frequencies decrease with increasing temperature. This effect can be observed in Figures 6 to 13 , where both the analytical and numerical predictions follow the same tendency as the experimental results.
The discrepancies in natural frequencies between the analytical predictions and those obtained with the numerical model are less than 2% for all the modes in the temperature range considered in the investigation. With respect to the discrepancies between the experimental natural frequencies, estimated with operational modal analysis, those provided by the analytical equations and the numerical model are consistently less than 5%.
With regard to the damping ratios, the uncertainty bounds of damping ratios are much higher than those of the natural frequencies [47] . The discrepancies between the numerical and the analytical predicted damping ratios are consistently less than 40%, whereas the maximum discrepancies between the experimental damping ratios and those predicted with the analytical and the numerical models are less than 50%. This level of discrepancy is similar to that obtained by the authors in previous works [18, 19] .
Declaration of Conflicting Interests
The author(s) declared no potential conflicts of interest with respect to the research, authorship, and/or publication of this article.
Funding
The author(s) disclosed receipt of the following financial support for the research, authorship, and/or publication of this article: The financing support given by the Spanish Ministry of Economy and Competitiveness through the project BIA2014-53774-R is gratefully appreciated.
